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Force between two spherical inclusions in a nonlinear host medium
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In an attempt to investigate the effect of nonlinear characteristics on particle interactions, a self-consistent
mean-field theory in combination with a multiple image method has been employed to compute the interpar-
ticle force. Taking the nonlinearity of the host medium into account, the interparticle force exhibits a non-
monotonic behavior as the applied electric field is increased. We show that the interparticle force increases
initially at low fields, goes through a maximum at an optimal electric field, then decreases with increasing field,
and vanishes at a critical electric field at which the effective dielectric contrast between the host and the
inclusions becomes zero. The influence of a larger volume fraction of inclusions on the interparticle force is
also investigated.

PACS numbsg(s): 83.80.Gv, 72.20.Ht, 82.70.Dd, 41.20q

ElectrorheologicalER) fluids consist of highly polariz- distance in order that the results can be useful in computer
able particles in a nearly insulating fluid. Upon the applica-simulation of ER fluids at an intense applied field.
tion of electric fields, the apparent viscosity of ER fluids can  In this work, the effect of a nonlinear characteristics on
be changed by several orders of magnitude, due to the fothe particle interactions is investigated via a self-consistent
mation of chains of particles across the electrodes in théormalism[9], in which the recently establishetihean mul-
direction of the applied field. The ER effect originates fromtiple image resultd10,11] will be converted to nonlinear
the mutual interaction between the polarized particles. As thénes to compute the interparticle force for a nonlinear ER
mismatch in material parameters is responsible for the ERUID. ) )
effects, previous theoretical studies have taken the point- We first consider a standard textbook problgh2], in
dipole approximation[1,2], which is now believed to be Which a point dipolep is placed at a distance from the
oversimplified. Since many-body and multipole interactionscenter of a perfectly conducting sphere of radwghe ori-
have been ignored in these studies, the predicted ER effegptation of the dipole is perpendicular to the line joining the
was off by an order in magnitude. Moreover, the technologi-d|p0|e and the center of the sphere. The electric field van-
cal applications of ER fluids have stimulated many experijsfhes inside the conductor, while the electric potentia_l out-
ments which directly measure the interactions between pagide the sphere can be found by using the method of image.
ticles of various materials under different experimental"Ve put an image dipolp’ inside the sphere at a distance
conditions. from the center; the image dipole is given hy =

Because of the inadequacy of the point-dipole approxima=p(a/r)°, andr’=a?/r. If the orientation of the point di-
tion, substantial theoretical effort has been made to sort owRole is parallel to the axis, thep’ =2p(a/r)*.
more accurate models. Klingenbeegal. proposed an em- ~ We next consider a pair of perfectly conducting spheres,
pirical force expression for the interaction between isolated®f equal radiusa, separated by a distanceThe spheres are
pairs of spheres from the numerical solution of Laplace’splaced in a host medium of dielectric constapt. Assume
equation[3]. Davis used the finite-element method, whichthat the two conductors are electrically neutral, and a con-
proved to be effectivg4]. Clercx and Bossis constructed a stant electric fieldE,= EOE is applied to the spheres. Induced
fully multipolar treatment to account for the polarizability of surface charge will contribute to each conductor a dipole
spheres up to 1000 multipolar ord¢fd. Recently, Yuetal.  moment given byp,= e,Eqa®. The dipole momenpgl) in-
developed an integral equation method which avoids theiuces an image dipolg{" in sphere 2, whilgp{® induces
match of complicated boundary conditions on each interfacget another image dipole in sphere 1. As a result, multiple
qf the partlcles_, anc_i is thus applicable to nonspherical Palimages are formed. Similarl)pgz) induces an imagep(lz)
ticles and multimedi6]. , o , inside sphere 1, and hence another infinite series of image

On the other hand, the applied electric field used in mosjinoles are formed. The multiple images obey a set of dif-
ER experiments is us_ually quite high, and important data Ofgrence equations, which can be solved exalctly.
nonlinear ER effects m_duced by a strong electric field were \ye are now in a position to generalize the above results
recently reported by Klingenbefg]. However, the effect of 1 5 pair of dielectric spheres of dielectric constent Upon

a nonlinear characteristics on the particle interactions reg,q application oE,, the induced dipole moment inside the
mains less well known. Feligt al.[8] pointed out that when spheres is given by’

the applied field is sufficiently strong, the attractive force
between two touching spheres will have a quasilinear depen-
dence. However, as the previous res{kwere based on a
conduction model for two touching spheres, we must extend
the considerations to two spheres separated by an arbitrawhereb is the dipolar factor, and is given by

Po= €mEqba’, @
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€p— €m amounts to approximating the nonlinear host medium as a
b= o+ 2en’ (2 component with the propertyg]
For a point dipole placed in front of a dielectric sphere, the em= €m+ Xm{|Eml®). (8
generalization reads’ = 2rp(a/r)® andp’ = — rp(a/r)? for _
longitudinal and transverse fields, respectively. The factor Where(- - -) denotes the average of the local field taken over
is known as dielectric contrast, and is given by the volume occupied by the host medium. From the above
consideration, it is evident that the nonlinearity influences
€p— €m the interparticle force through two factors, namely, the dipo-
T ) lar factor b and the dielectric contrast appearing in the

Ep+€m. . .
infinite series.
By using the idea of multiple images, we can deduce the For a pair of spherical particles with a small volume frac-

total dipole moment of each spheiormalized top,), fora  tion f inside a longitudinaltransversg field, the effective

longitudinal field: dielectric constang, can be calculated using the dilute limit
approximation for a three-dimensional composite,
P (2m)2"
—=(asinha)3> _ . - ~ [2bp(
Po n=0 | (asinh(n+1)a+asinhna)? €o=€m+3fen > , (9)
0
(27_)2n+1

. (4)  whereb and p_()/py are given by Egs(2), (4), and (6),
with €, being replaced by,,.

Then we can determine the average local field square
(|En|?) self-consistently as follows:

(r sinh(n+1)a)®

The subscriptL denotes that the applied electric field is a
longitudinal field. The parameter satisfies

cosha=20%—1, (5) dee

1
<|Em|2>:ﬁESé’T' (10
whereo=r/2a is the reduced separation parameter. €m

Similarly, for a transverse field, The equality in Eq(10) results from an established formula

(7)2" in a random composite giving, in terms of the local field,

(asinhin+1)a+asinhna)®

>

n=0

[

PT_ (asinha)?
P =z | enlEmEav=E ()

(6)

7_2n+1
_(rgndn+1y04'

(1—f)e
t (Bl (12)
We should remark that the present generalization is only ap- 0
proximate because there is a more complicated image ~ o .
method for a dielectric sphefd1]. We expect that this ap- wheree(r) takes on Fhe V‘?"“esp (or €, for r in inclusions
proximation to be good at high contrast, i.e+1. We have (or .hOSt mediun while V'is the volume of the whole com-
checked the validity by comparing these analytic expressiongoﬁ_':]e systenr:. ; lated th if . field
with the numerical solution of the integral equation method; us we have formulated the seli-consistent mean fie
reasonable agreement is fouf@l. The longitudinal(trans- theory with Eqs(9) and(10), and the multiple image method

versa force F between the spheres is given with Eqs.(fl)—(?), to obtain thg interparticle force ir] nonlin-
0 L™ P given kg ear ER fluids for the longitudinal and transverse field cases.

IpL(T) In order to d_emonstrate the influence of the nonlinearity on
FL(T):EOT- (7)  the interparticle force, we plot the normalized force for a
longitudinal field F, /EZ (Nm?V~2) as a function of
In order to describe the nonlinear effect in ER fluids, weES (VZm~?) in Fig. 1 for e,=2 and in Fig. 2 fore,=10.
concentrate on a system consisting of spherical inclusions diVithout loss of generality, the linear dielectric constant of
the volume fractiorf and dielectric constant, suspended in  the host medium is taken to bg,=1, because one can al-
a volume fraction - f of the host medium. Here we assume ways define a relative permittivity, / €,,. Numerical results
that the host medium has a third-order nonlinear electric dishave also been calculated for the transverse field case, and
placement D)—electric field €) relation of the formD,,  will be reported elsewhere.
= €mEm+ Xm|Em|?Em, Wheree,, and x,, are the linear di- First of all, we compare our results of the fully multipole
electric constant and the third-order nonlinear coefficient, recase with those of the point-dipol®D) model, for which
spectively. This kind of nonlinearity is the lowest-order non-only the leading term is retained in the infinite series. It is
linearity appearing in a material with inversion symmetry known that the PD approximation is expected to be very
[14]. good for large reduced separation suchsas1.5. For our
Generally speaking, the electric field in the host mediumchosen valuegr=1.1 and 1.5, the results agree with each
varies in space and cannot be solved exactly. So we resort tther in the vicinity of a critical fielcE,. still, which is char-
the mean field approximation. The mean field theoryacterized byep=5m+Xm<|Em|2>, but exhibit a large devia-



PRE 61 BRIEF REPORTS 6013

0.000 T 0.000 0.030 T T T T
- // -0.002 —~ T oo
W -0 F // i oo
§ / -0.004 § §
= !/ [ ——~ point dipole e W 0.010 1
W —0.020 1ty multivol o I e
L:“’ Sfully multipole —0.006 o= L\:
| 1 | _ L ! L -0.08 L L L L 0.000 L L L
00000 00 1000 1500 2000 "0 500 1000 1500 2000 00 200 ?‘?0 m@” 800 1000 00 20.0Ego(.o m‘s-‘%')” 800 1000
0.00 T T T T 0.00 ’ ¢
- ~ . I
RN FIG. 3. Normalized force for both the longitudinal and trans-
N AN 0.0z verse field cases plotted agairs§ for two volume fractionsf
) v B N 7 . . . .
“‘Z . =0.01(solid line) and 0.08(long dashed ling Other physical pa-
2 W] T rameters are chosen to kg=10, c=1.5, andy,,=0.1 nfV 2
W -020 - N
L:"' -0.06
increases at first, reaches a maximum at an optimal field

%0 100 gt;.o 3_é.o w00 s00 %0 100 ;c;.o {é‘a 900 500 Eop, and then decreases to zero at the critical figld Be-
E, (V) E, (Vim) yond this point, a further increase By, results in an overall
FIG. 1. Normalized forceF, /E2 (Nm?V~2) plotted against increase of the inte_rpartic_le for¢e is belie_ved this _region i_s
E2 (V2m™2) for €,=2. Other physical parameters are chosen ag.mstal?le for ER qum)s_ This nonmonotonic pehawor_ admits
o=1.1 andy,=0.01 n?V~2 for the upper left panely=1.5and & qualitative explanation. As we know, the interparticle force
Xxm=0.01 nfV~2 for the upper right paneloc=1.1 and x,, is directly proportional tce,, and to the square of the dielec-
=0.1 nfV~2 for the lower left panel, andr=15, and xm tric contrastr. As the electric field is turned oR,, increases,
=0.1 n?V "2 for the lower right panel. and so doe§, /E3; however, this increase is then offset by
the decrease in?. For a smalle,, the fast decrease aof
leads to the overall decreasef®f/E3. Such a trend contin-
Qiks until the critical field is reached. A subsequent increase

tion at applied fields much smaller or larger tHan. Such a
deviation becomes even more significant when the separati
parameteio=r/2a is decreased fromr=1.5to 1.1. Thisis . . , : ~ 2 2.
reasonable, because the PD approximation is expected 8 the field will result in a largee, and 7%, andF /Eq will
break down, and multipole interactions will become moreincrease. For a large,, the competition betweerf ande,
important, when the separation is small or when the dielecyields a maximum aE,,. A similar behavior was reported
tric contrast is large even in the dilute limit. This demon-in Ref.[15], but for linear ER fluids. We also find that the
strates that the PD approximation is only valid for a smalllarger the nonlinear coefficient we choose, the smaller the
dielectric contrast, and multipole interaction must be considcritical field and the optimal field become. Most of the the-
ered for a large contrast. This is in agreement with the coneretical and experimental works predicted tifat/E3 is a
clusion of Davis[4]. monotonically increasing function &2, as these work only

Next we examine the behavior of normalized force with concentrated on the range theg/e,,>1, although the ap-
E. For a smalle,=2 (Fig. 1), the magnitude of the interac- piied field is relatively high8]. For realistic experimental
tion decreases to zero and then increases as the field is isttemS' we should choose a |arge nonlinear coefficient for
creased. However, for a largg= 10 (Fig. 2), a more com-  the dielectric host medium, so as to operate at a small electric
plex behavior is observed, i.e., the magnitude of the forcgield far away from the breakdown field. On the other hand,
a largee, is needed to obtain a high particle—liquid dielec-

000 tric contrast, and hence a large ER effect.
000 [ 1 | Moreover, we investigate the influence of volume fraction
T I N 1 f_on the_ interparticle forge, as shpwn in Fig. 3.. For a large
& i dielectric contrast, on which previous works mainly concen-
w, =030 - ] trated, it is observed thdt 1)/ Eé increases slightly witH.
S ol /T pointdipole ] - Such a conclusion is in qualitative agreement with experi-
g —— fully multipole . .
mental observationgl6,17. However, in the range of large
03000000 4000 G000 8000 1000 ~***00 2000 000 qo00 oo oo Tield (corresponding to small dielectric contrasE (1) /E
0.00 can decrease with We also find that the optimal field be-
oo comes small and the critical field large for large volume frac-
— 1 tions. To our knowledge, these behaviors have not been re-
N'; 020 ported previously, as previous work concentrated only on the
2 A range of large contrasts. We explain that these phenomena
S | result from a strong dependence (OE,|?) on the volume
" -040 fractionf.
050 b 008 L We would like to add a few comments here. We have
00y T0 1000 O 0, By @010 considered a nonlinear host medium in this work. In fact, one

can consider ER fluids of nonlinear inclusions of, say, ferro-
FIG. 2. Same as Fig. 1, but wiig,=10. electric materials. In this case, because of a positive nonlin-
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ear coefficientF/ES will be a monotonic increasing function torheological and electrorheological resporis. Here we
of ES. Certainly, one can also consider the case when botRuggest that a nonlinearity-induced structural transition can

the inclusions and the host medium are nonlinear and mor@ccur at a sufficiently strong field by using crystalline par-
complex behaviors can occur. ticles with an appropriate crystal-lattice symmetry.

We considered particles of identical size in this work. W& have considered spherical inclusions in the dilute

Real ER fluids must be polydisperse in nature: the suspen%—r?'tt' '? tf;ls case, the PD mt.cl)ldgl n cc:jnjunctlofr] vtwtrtm th?
ing particle can have various sizes or different permittivities. fiute imit expression can Stll beé used as a first step 1o

Recent work reported that a size distribution can have a norﬁresent qualitative results. However, for larger volume frac-

A ons, the PD approximation will become worse; a fully mul-
trivial impact on th_e E.R effect$18].l We_ have recently tipole model and a Maxwell-Garnett type formula other than
shown that the point-dipole approximation becomes eve

worse when the particle sizes differ too muEts]. It is "he dilute limit expression should be adopted. We believe
instructive to exter?d the consideration to two s héres of unJEhat the conclusion remains essentially the same. As we have
equal sizes P included the multiple interactions in our self-consistent cal-

So far we have considered ER fluids of isotropic materialscmatlons’ the results will be useful in a computer simulation

. . X . : - of nonlinear ER fluids.
with scalar dielectric constants. For crystalline particles with In conclusion. we have presented a studv of the interpar-
tensorial dielectric properties in an external electric field, nottiCI ' b y P

only force but also torque will be exerted on the particles due c for_ce of nonlinear ER fluid by means of _self-con5|s_tent
to crystalline anisotropy19]. The extension of the multiple mean-field theory and the previously gst_ab_hshed multipole
image method to anisotropic media seems very difficult Wemeth.Od' Taking the nqnlmegr charag:ter|st|c |n.to account, we

: redict that the normalized interparticle force is a nonmono-

may adopt a f|rst-pr|nC|_pIes apprqach, €.g., the integral €AY%5nic function of the applied electric field. The normalized
tion approach6]. In this regard, in the case of a tensorial

; L . . force can achieve a maximum value at an optimal electric
nonlinear characteristics, the nonlinear polarization of th

particle may induce a force transverse to the applied electrﬁ\}lv?tlﬁ E OkaYiYQevr\]IEgnEEoi’é h<e En orriwgzlézceiga?;gewli?éreises
field. The transverse force can increase with increasing ap- 0’ ’ op ™ =0 ™ "=c> 0

plied electric fields. This situation is quite reminiscent of the'> Interesting to perf_orm num_er_lcal simulation or experiment
crossed magnetic-electric field case in a magnetorheologicé? verify our theoretical predictions shown above.
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