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Force between two spherical inclusions in a nonlinear host medium
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In an attempt to investigate the effect of nonlinear characteristics on particle interactions, a self-consistent
mean-field theory in combination with a multiple image method has been employed to compute the interpar-
ticle force. Taking the nonlinearity of the host medium into account, the interparticle force exhibits a non-
monotonic behavior as the applied electric field is increased. We show that the interparticle force increases
initially at low fields, goes through a maximum at an optimal electric field, then decreases with increasing field,
and vanishes at a critical electric field at which the effective dielectric contrast between the host and the
inclusions becomes zero. The influence of a larger volume fraction of inclusions on the interparticle force is
also investigated.

PACS number~s!: 83.80.Gv, 72.20.Ht, 82.70.Dd, 41.20.2q
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Electrorheological~ER! fluids consist of highly polariz-
able particles in a nearly insulating fluid. Upon the applic
tion of electric fields, the apparent viscosity of ER fluids c
be changed by several orders of magnitude, due to the
mation of chains of particles across the electrodes in
direction of the applied field. The ER effect originates fro
the mutual interaction between the polarized particles. As
mismatch in material parameters is responsible for the
effects, previous theoretical studies have taken the po
dipole approximation@1,2#, which is now believed to be
oversimplified. Since many-body and multipole interactio
have been ignored in these studies, the predicted ER e
was off by an order in magnitude. Moreover, the technolo
cal applications of ER fluids have stimulated many expe
ments which directly measure the interactions between
ticles of various materials under different experimen
conditions.

Because of the inadequacy of the point-dipole approxim
tion, substantial theoretical effort has been made to sort
more accurate models. Klingenberget al. proposed an em
pirical force expression for the interaction between isola
pairs of spheres from the numerical solution of Laplac
equation@3#. Davis used the finite-element method, whi
proved to be effective@4#. Clercx and Bossis constructed
fully multipolar treatment to account for the polarizability o
spheres up to 1000 multipolar orders@5#. Recently, Yuet al.
developed an integral equation method which avoids
match of complicated boundary conditions on each interf
of the particles, and is thus applicable to nonspherical p
ticles and multimedia@6#.

On the other hand, the applied electric field used in m
ER experiments is usually quite high, and important data
nonlinear ER effects induced by a strong electric field w
recently reported by Klingenberg@7#. However, the effect of
a nonlinear characteristics on the particle interactions
mains less well known. Feliciet al. @8# pointed out that when
the applied field is sufficiently strong, the attractive for
between two touching spheres will have a quasilinear dep
dence. However, as the previous results@8# were based on a
conduction model for two touching spheres, we must ext
the considerations to two spheres separated by an arbi
PRE 611063-651X/2000/61~5!/6011~4!/$15.00
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distance in order that the results can be useful in comp
simulation of ER fluids at an intense applied field.

In this work, the effect of a nonlinear characteristics
the particle interactions is investigated via a self-consist
formalism@9#, in which the recently established~linear! mul-
tiple image results@10,11# will be converted to nonlinear
ones to compute the interparticle force for a nonlinear
fluid.

We first consider a standard textbook problem@12#, in
which a point dipolep is placed at a distancer from the
center of a perfectly conducting sphere of radiusa. The ori-
entation of the dipole is perpendicular to the line joining t
dipole and the center of the sphere. The electric field v
ishes inside the conductor, while the electric potential o
side the sphere can be found by using the method of ima
We put an image dipolep8 inside the sphere at a distancer 8
from the center; the image dipole is given byp85
2p(a/r )3, and r 85a2/r . If the orientation of the point di-
pole is parallel to the axis, thenp852p(a/r )3.

We next consider a pair of perfectly conducting spher
of equal radiusa, separated by a distancer. The spheres are
placed in a host medium of dielectric constantem . Assume
that the two conductors are electrically neutral, and a c
stant electric fieldE05E0ẑ is applied to the spheres. Induce
surface charge will contribute to each conductor a dip
moment given byp05emE0a3. The dipole momentp0

(1) in-
duces an image dipolep1

(1) in sphere 2, whilep1
(1) induces

yet another image dipole in sphere 1. As a result, multi
images are formed. Similarly,p0

(2) induces an imagep1
(2)

inside sphere 1, and hence another infinite series of im
dipoles are formed. The multiple images obey a set of d
ference equations, which can be solved exactly@10#.

We are now in a position to generalize the above res
to a pair of dielectric spheres of dielectric constantep . Upon
the application ofE0, the induced dipole moment inside th
spheres is given by

p05emE0ba3, ~1!

whereb is the dipolar factor, and is given by
6011 ©2000 The American Physical Society
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b5
ep2em

ep12em
. ~2!

For a point dipole placed in front of a dielectric sphere, t
generalization readsp852tp(a/r )3 andp852tp(a/r )3 for
longitudinal and transverse fields, respectively. The factot
is known as dielectric contrast, and is given by

t5
ep2em

ep1em
. ~3!

By using the idea of multiple images, we can deduce
total dipole moment of each sphere~normalized top0), for a
longitudinal field:

pL

p0
5~a sinha!3(

n50

` F ~2t!2n

„a sinh~n11!a1a sinhna…3

1
~2t!2n11

„r sinh~n11!a…3
G . ~4!

The subscriptL denotes that the applied electric field is
longitudinal field. The parametera satisfies

cosha52s221, ~5!

wheres[r /2a is the reduced separation parameter.
Similarly, for a transverse field,

pT

p0
5~a sinha!3(

n50

` F ~t!2n

„a sinh~n11!a1a sinhna…3

2
t2n11

„r sinh~n11!a…3
G . ~6!

We should remark that the present generalization is only
proximate because there is a more complicated im
method for a dielectric sphere@11#. We expect that this ap
proximation to be good at high contrast, i.e.,t→1. We have
checked the validity by comparing these analytic express
with the numerical solution of the integral equation metho
reasonable agreement is found@6#. The longitudinal~trans-
verse! force FL(T) between the spheres is given by@13#

FL(T)5E0

]pL(T)

]r
. ~7!

In order to describe the nonlinear effect in ER fluids, w
concentrate on a system consisting of spherical inclusion
the volume fractionf and dielectric constantep suspended in
a volume fraction 12 f of the host medium. Here we assum
that the host medium has a third-order nonlinear electric
placement (D) –electric field (E) relation of the formDm
5emEm1xmuEmu2Em , whereem and xm are the linear di-
electric constant and the third-order nonlinear coefficient,
spectively. This kind of nonlinearity is the lowest-order no
linearity appearing in a material with inversion symme
@14#.

Generally speaking, the electric field in the host medi
varies in space and cannot be solved exactly. So we reso
the mean field approximation. The mean field theo
e
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amounts to approximating the nonlinear host medium a
component with the property@9#

ẽm5em1xm^uEmu2&, ~8!

where^•••& denotes the average of the local field taken o
the volume occupied by the host medium. From the ab
consideration, it is evident that the nonlinearity influenc
the interparticle force through two factors, namely, the dip
lar factor b and the dielectric contrastt appearing in the
infinite series.

For a pair of spherical particles with a small volume fra
tion f inside a longitudinal~transverse! field, the effective
dielectric constantee can be calculated using the dilute lim
approximation for a three-dimensional composite,

ee5 ẽm13 f ẽmS 2bpL(T)

p0
D , ~9!

where b and pL(T) /p0 are given by Eqs.~2!, ~4!, and ~6!,
with em being replaced byẽm .

Then we can determine the average local field squ
^uEmu2& self-consistently as follows:

^uEmu2&5
1

12 f
E0

2 ]ee

]ẽm

. ~10!

The equality in Eq.~10! results from an established formu
in a random composite givingee in terms of the local field,

ee5
1

E0
2V
E

V
e~r !uE~r !u2dV5

f ep

E0
2 ^uEpu2&

1
~12 f !ẽm

E0
2 ^uEmu2&, ~11!

wheree(r ) takes on the valuesep ~or ẽm) for r in inclusions
~or host medium!, while V is the volume of the whole com
posite system.

Thus we have formulated the self-consistent mean fi
theory with Eqs.~9! and~10!, and the multiple image metho
with Eqs.~4!–~7!, to obtain the interparticle force in nonlin
ear ER fluids for the longitudinal and transverse field cas
In order to demonstrate the influence of the nonlinearity
the interparticle force, we plot the normalized force for
longitudinal field FL /E0

2 (N m2 V22) as a function of
E0

2 (V2 m22) in Fig. 1 for ep52 and in Fig. 2 forep510.
Without loss of generality, the linear dielectric constant
the host medium is taken to beem51, because one can a
ways define a relative permittivityep /em . Numerical results
have also been calculated for the transverse field case,
will be reported elsewhere.

First of all, we compare our results of the fully multipo
case with those of the point-dipole~PD! model, for which
only the leading term is retained in the infinite series. It
known that the PD approximation is expected to be v
good for large reduced separation such ass.1.5. For our
chosen valuess51.1 and 1.5, the results agree with ea
other in the vicinity of a critical fieldEc still, which is char-
acterized byep5em1xm^uEmu2&, but exhibit a large devia-
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tion at applied fields much smaller or larger thanEc . Such a
deviation becomes even more significant when the separa
parameters[r /2a is decreased froms51.5 to 1.1. This is
reasonable, because the PD approximation is expecte
break down, and multipole interactions will become mo
important, when the separation is small or when the die
tric contrast is large even in the dilute limit. This demo
strates that the PD approximation is only valid for a sm
dielectric contrast, and multipole interaction must be cons
ered for a large contrast. This is in agreement with the c
clusion of Davis@4#.

Next we examine the behavior of normalized force w
E0

2. For a smallep52 ~Fig. 1!, the magnitude of the interac
tion decreases to zero and then increases as the field i
creased. However, for a largeep510 ~Fig. 2!, a more com-
plex behavior is observed, i.e., the magnitude of the fo

FIG. 1. Normalized forceFL /E0
2 (N m2 V22) plotted against

E0
2 (V2 m22) for ep52. Other physical parameters are chosen

s51.1 andxm50.01 m2 V22 for the upper left panel,s51.5 and
xm50.01 m2 V22 for the upper right panel,s51.1 and xm

50.1 m2 V22 for the lower left panel, ands51.5, and xm

50.1 m2 V22 for the lower right panel.

FIG. 2. Same as Fig. 1, but withep510.
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increases at first, reaches a maximum at an optimal fi
Eop , and then decreases to zero at the critical fieldEc . Be-
yond this point, a further increase inE0 results in an overall
increase of the interparticle force~it is believed this region is
unstable for ER fluids!. This nonmonotonic behavior admit
a qualitative explanation. As we know, the interparticle for
is directly proportional toẽm and to the square of the dielec
tric contrastt. As the electric field is turned on,ẽm increases,
and so doesFL /E0

2; however, this increase is then offset b
the decrease int2. For a smallep , the fast decrease oft2

leads to the overall decrease ofFL /E0
2. Such a trend contin-

ues until the critical field is reached. A subsequent incre
in the field will result in a largeẽm andt2, andFL /E0

2 will

increase. For a largeep , the competition betweent2 and ẽm
yields a maximum atEop . A similar behavior was reported
in Ref. @15#, but for linear ER fluids. We also find that th
larger the nonlinear coefficient we choose, the smaller
critical field and the optimal field become. Most of the th
oretical and experimental works predicted thatFL /E0

2 is a
monotonically increasing function ofE0

2, as these work only

concentrated on the range thatep / ẽm@1, although the ap-
plied field is relatively high@8#. For realistic experimenta
systems, we should choose a large nonlinear coefficient
the dielectric host medium, so as to operate at a small ele
field far away from the breakdown field. On the other han
a largeem is needed to obtain a high particle–liquid diele
tric contrast, and hence a large ER effect.

Moreover, we investigate the influence of volume fracti
f on the interparticle force, as shown in Fig. 3. For a lar
dielectric contrast, on which previous works mainly conce
trated, it is observed thatFL(T) /E0

2 increases slightly withf.
Such a conclusion is in qualitative agreement with expe
mental observations@16,17#. However, in the range of large
field ~corresponding to small dielectric contrast!, FL(T) /E0

2

can decrease withf. We also find that the optimal field be
comes small and the critical field large for large volume fra
tions. To our knowledge, these behaviors have not been
ported previously, as previous work concentrated only on
range of large contrasts. We explain that these phenom
result from a strong dependence of^uEmu2& on the volume
fraction f.

We would like to add a few comments here. We ha
considered a nonlinear host medium in this work. In fact, o
can consider ER fluids of nonlinear inclusions of, say, fer
electric materials. In this case, because of a positive non

s

FIG. 3. Normalized force for both the longitudinal and tran
verse field cases plotted againstE0

2 for two volume fractionsf
50.01 ~solid line! and 0.08~long dashed line!. Other physical pa-
rameters are chosen to beep510, s51.5, andxm50.1 m2 V22.
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ear coefficient,F/E0
2 will be a monotonic increasing functio

of E0
2. Certainly, one can also consider the case when b

the inclusions and the host medium are nonlinear and m
complex behaviors can occur.

We considered particles of identical size in this wo
Real ER fluids must be polydisperse in nature: the suspe
ing particle can have various sizes or different permittiviti
Recent work reported that a size distribution can have a n
trivial impact on the ER effects@18#. We have recently
shown that the point-dipole approximation becomes e
worse when the particle sizes differ too much@13#. It is
instructive to extend the consideration to two spheres of
equal sizes.

So far we have considered ER fluids of isotropic mater
with scalar dielectric constants. For crystalline particles w
tensorial dielectric properties in an external electric field,
only force but also torque will be exerted on the particles d
to crystalline anisotropy@19#. The extension of the multiple
image method to anisotropic media seems very difficult.
may adopt a first-principles approach, e.g., the integral eq
tion approach@6#. In this regard, in the case of a tensor
nonlinear characteristics, the nonlinear polarization of
particle may induce a force transverse to the applied elec
field. The transverse force can increase with increasing
plied electric fields. This situation is quite reminiscent of t
crossed magnetic-electric field case in a magnetorheolog
and electrorheological fluid@20#, in which a structural phase
transition from the body-centered-tetragonal~bct! to face-
centered-cubic~fcc! lattice was predicted when the magne
force and electric force are perpendicular and of compara
strength. Such a bct-fcc structural transition was confirm
recently in experiments using coated particles with mag
m
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torheological and electrorheological responses@21#. Here we
suggest that a nonlinearity-induced structural transition
occur at a sufficiently strong field by using crystalline pa
ticles with an appropriate crystal-lattice symmetry.

We have considered spherical inclusions in the dil
limit. In this case, the PD model in conjunction with th
dilute limit expression can still be used as a first step
present qualitative results. However, for larger volume fr
tions, the PD approximation will become worse; a fully mu
tipole model and a Maxwell-Garnett type formula other th
the dilute limit expression should be adopted. We belie
that the conclusion remains essentially the same. As we h
included the multiple interactions in our self-consistent c
culations, the results will be useful in a computer simulati
of nonlinear ER fluids.

In conclusion, we have presented a study of the interp
ticle force of nonlinear ER fluid by means of self-consiste
mean-field theory and the previously established multip
method. Taking the nonlinear characteristic into account,
predict that the normalized interparticle force is a nonmo
tonic function of the applied electric field. The normalize
force can achieve a maximum value at an optimal elec
field Eop . When E0,Eop , the normalized force increase
with E0, while, whenEop,E0,Ec , it decreases withE0. It
is interesting to perform numerical simulation or experime
to verify our theoretical predictions shown above.
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